A system of distinguished curves distinct from chains is defined on indefinite nondegenerate CR hypersurfaces; the new curves are called nullchains. The properties of these curves are explored, and it is shown that two sufficiently nearby points of any nondegenerate CR hypersurface can be connected by either a chain or a null-chain.
INTRODUCTION
Two real hypersurfaces in C"+1 are, in general, inequivalent under biholomorphic transformations on the ambient C"+1 if n > 1. É. Cartan (for n = 1 ) and Chern-Moser (for n > 1 ) have defined complete systems of invariants for such CR hypersurfaces; the equality of the invariants is necessary and sufficient for the equivalence of the hypersurfaces [C, CM] ). Among these invariants is a system of curves called chains. Through any point of a nondegenerate CR hypersurface, in any direction transverse to its holomorphic tangent space at that point, there passes a unique chain.
The study of invariants on CR hypersurfaces is CR geometry, and it has many tempting parallels with Riemannian geometry [CM] . In particular, it is natural to compare chains to geodesics, and it was asked in [BS] whether a point of a CR hypersurface can be connected to any point of some neighborhood by a chain. It is now known that chains do connect nearby points of strictly pseudoconvex CR hypersurfaces [J, Kr, Ko] ). But, as Jacobowitz has observed [J] , this result cannot hold for a nondegenerate CR hypersurface of general signature.
In this paper, it will be shown that the system of chains on indefinite nondegenerate CR hypersurfaces is, in a way, incomplete. We will define new CR invariant curves called null-chains which complete the system on these hypersurfaces. The curves of the completed system will be shown to connect pairs of nearby points of any nondegenerate CR manifold regardless of signature.
The author would like to thank Jürgen Moser and C. Denson Hill for a helpful conversation.
CR MANIFOLDS AND CHAINS
Let M be an odd-dimensional orientable smooth manifold of dimension 2n + l. An almost CR structure on M is an «-dimensional complex subbundle Ti o of the complexified tangent bundle CTM of M suchthat 7ï,onr0jl = {0}, where 7b, i = TYTo• We set & = K(Fli0 0 7b,i); JT is a real 2n-dimensional subbundle of TM, and we call ßVx the holomorphic tangent space of M at x. It carries a natural complex structure f given by f(V + V) = i(V -V) for V £ 7i;o ; this f is called a CR structure tensor on Af. The almost CR structure is said to be a CR sturcture if it is formally integrable in the sense that [T\ ,o, 71, o ] c Ti ,0. M together with such a CR structure is said to be an abstract CR manifold (of hypersurface type).
Without referring to the complexified tangent space, we may equivalently define an almost CR structure on M as a field of tangent hyperplanes %? on M together with a smooth map f : %f -> ßt which is linear on each ßf*, x £ M, and such that f1 = -id|^.
The integrability of the structure is equivalent to the vanishing of the Nijenhuis torsion tensor
N(X, Y) = \fX,/Y] -[X, Y]-f([X,fY]
+ \f X, Y})
for X, Y £ ßf.
Let 8 £ T*M be a one-form which annihilates ßif. A (an almost) CR structure, together with such a one-form, is called a (an almost) pseudo-Hermitian structure on M [W] . The CR (almost CR) structure is said to be nondegenerate if 6 A (i/o)" ^ 0 ; this condition is independent of the choice of 6 . For the rest of this paper, the words "CR manifold" will mean "nondegenerate CR manifold of hypersurface type".
With respect to a choice of pseudo-Hermitian one-form 9 on M, the Levi form Lg of M is the Hermitian form on Fi 0 given by
Le(V, W) = idd(V,W).
This form Lg depends on the choice of 6 , but it changes only by a conformai multiple if 6 is changed; thus, the signature of Le is invariant. If Lg is (positive) definite, M is said to be strictly pseudoconvex. The Levi form L0 as defined above gives rise to a real symmetric form on %?, which we also call Lg.
In 1907, Poincaré [P] observed that real hypersurfaces in C may be locally inequivalent under biholomorphic transformations if n > 2. He conjectured that certain invariants could be associated to such hypersurfaces; the signature of the Levi form is one such invariant. Cartan [C] found a system of invariants for hypersurfaces in C2 whose equality is necessary and sufficient for the equivalence of the hypersurfaces.
Cartan also defined a biholomorphically invariant system of curves on nondegenerate hypersurfaces in C2, called chains. On the hyperquadric Q3 c C2, given by ß3 = {(zo,z1)eC2:3z0 = |z1|2}, the chains are the intersections of the hypersurface with affine complex lines. In general, chains are the solutions of a system of differential equations [J] . To give this system explicitly for a three-dimensional CR manifold M, choose a pseudo-Hermitian structure 6 on M, and let us define 8X to be the complex one-form which annihilates all vectors of the form X + if X, for X £ %?. For any complex-valued function c on M, define Co, ci , and q by dc = cod + Ci8x + c\6x. Then the chains on M are the curves on M which solve the equations (i) ex = -pd,
where b satisfies d6 = idx A Ö1 + bd A 6X + b6 A 6X , and c and / are given by c = bi and / = Ci -be -2ibo ■ Through any point of a hypersurface in C , in any direction transverse to the holomorphic tangent space ßf?, there passes a unique chain. Chains carry a distinguished parameter which is defined up to a real projective transformation. The work of Cartan was extended by Chern and Moser [CM] to all nondegenerate abstract CR manifolds of hypersurface type. Through any point of such a CR manifold, in any direction transverse to the holomorphic tangent plane ß?, there passes a unique chain. Chains carry a distinguished parameter defined up to a real-projective transformation.
The Moser normal form for the defining equation of a CR hypersurface M is produced by osculating M with a biholomorphic image of the hyperquadric of appropriate dimension and signature. This osculation takes place at a point x £ M along a chain passing through x. Cheng [Ch] has recently shown that any chain-preserving diffeomorphism of a nondegenerate CR manifold is either a CR or an anti-CR isomorphism.
The hyperquadric Qpq c C"+1 of Levi signature p, q (where p + q -n ) is Qp,q = {(zo, ... , z") :3z0 = \zx\2 + ---+ \zp\2 -\zp+i\2-\zP+q\2}-
The chains on Qpq are its intersections with affine complex lines in C"+1 , when the intersection defines a curve. (It may happen, if p, q > 1, than the complex line is a subset of Qp, q, and in this case the intersection does not define a chain.)
The Fefferman correspondence
Another very useful way of describing chains is provided by the Fefferman correspondence [F, BDS] . To any nondegenerate CR manifold M of Levi signature p, q there corresponds a conformai pseudo-Riemannian manifold F, of signature 2p + 1, 2q + 1, whose underlying space is a certain circle bundle over M. (The conformai factors are restricted to be functions on M, that is, constant on the fibers.) The conformai geometry of this Fefferman manifold F is equivalent to the CR geometry of M [BDS] . In particular, since the set of null geodesics of a pseudo-Riemannian manifold is conformally invariant, all null geodesics of F give rise (via the projection map) to CR-invariant curves on M.
All chains of M are projections of null geodesics of F [BDS] . However, not all null geodesics project to chains. For instance, the fibers of F over M are null geodesics (as we shall see in the following), and thus these project to points. If the Levi form of M is indefinite (p, q > 1 ), there are also other null geodesics, with nontrivial projections, which do not project to chains. Nevertheless, these projected curves are CR invariants of M. In order to study these new curves, we must first discuss the Fefferman correspondence in some detail.
Let M be a nondegenerate CR manifold of dimension 2« + 1 and Levi signature p, q . Let C = K* /E+ be the quotient of the canonical bundle K of M with is zero section removed by the natural action of R+ ; C is a circle bundle over M. The Fefferman manifold F of M is obtained by equipping C with a canonical restricted conformai class of pseudo-Riemannian metrics of signature 2p+1, 2q+1. We will briefly sketch a construction of this conformai class due to J. Lee [L] . This construction will give a particular representative of the class in terms of a choice of pseudo-Hermitian structure on M ; the restricted conformai class of this representative metric is invariant under change of pseudo-Hermitian structure.
Choose a pseudo-Hermitian structure on M ; that is, choose a (real) one-form 0 on M annihilating the hyperplane field ßf. Let T be the unique vector field on M so that 6(T) = 1 and Tjdd = 0. Choose n complex one-forms 0Q on M so that the 6a, restricted to Ti o, form a basis of Tl<°, and so that 0a(F) = O. For a CR manifold M of Levi signature p, q, the Fefferman metric on C will be the pseudo-Riemannian metric ds2 = Le +26a of signature (2p + 1, 2q+1), where it is a canonically specified real one-form on C with a(K) 0 . To construct a , first let n be an «-form on C satisfying Ç = 6An , Tjn = 0 for any lift F of F to C. Lee shows that n is unique. The one-form a is then chosen to satisfy
a Adt] AT/ = lr(da)ia Ad A n Arj.
Lee shows that conditions (LI) and (L2) determine a uniquely, and that the resulting metric ds2 = Lg +2do agrees with the one defined by Fefferman on nondegenerate CR hypersurfaces in C"+1. Sparling has shown (see [S, G] ) that a pseudo-Riemannian manifold F2n+2 of signature (2p + 1, 2q + 1) is locally the Fefferman manifold of some nondegenerate CR manifold M2n+X of Levi signature (p, q) if and only if F admits a null Killing vector field K satisfying
where Weyl is the Weyl tensor of F , Sch is the Schouten tensor, and Ric is the Ricci tensor. These conditions are invariant under conformai changes of metric of F for which K is a Killing field of both the new and old metrics. In the presence of condition (1), Ric(/T, K) is actually constant; we scale K so that Ric(#, K) = In.
We have asserted that the various CR invariants of M may be recovered from the conformai geometry of F . Choose a point x £ M and a point x £ F with n(x) = x, where n : F -* M is the obvious projection map; then, in particular, ßtfx is the projection of K^ = {X e TXF : (K, X) = 0}; f is the projection of the restriction of VK to KL ; and the Levi form of M is the projection of the restriction of the metric of F to K1. (For more details, see [Ko] .)
We must make one crucial observation about the curvature of F. As a consequence of Sparling's condition A^j Weyl = 0, we find that
If we normalize K so that Ric(A:, K) = 2n , then (R(X, K)K, Y) = (X, Y) for X,Y £ Xa-. Equivalents, we may say that R(X, K)K = X (mod K).
This fact will be of central importance in several of our upcoming calculations.
Basic properties of null-chains
If M is a strictly pseudoconvex CR manifold (of signature (0, <?)), its Fefferman manifold F is of Lorentz signature (-,+,...,+).
Let x £ M and let x be a point of F with n(x) = x. In this signature, the set of all null vectors in TXF intersects K--in a single line, the span of Kx . By projecting the null geodesics with these initial directions onto M, we obtain a one-parameter family of CR-invariant curves tangent to V at x . By the conservation lemma (which says that along any geodesic ß , (ß', K) is constant), each of these curves remains tangent to ßtf = n(KL) at all points of the curve.
Definition. Let M be a nondegenerate CR manifold. Let F be its Fefferman manifold, and let K be the vertical Killing vector field on F . The projection to M of any nonvertical null geodesic of F which is perpendicular to K is called a null-chain.
Proposition 3.1. Through any point x £ M, in any direction V £ ß^x with L(V, V) = 0, there passes a one-parameter family of distinct null-chains. Proof. We must show that the null-chains through x tangent to V are distinct. Let V be any (fixed) lift of V to TXF. Let ß(t) be the null geodesic with ß(0) = x, ß'(0) = V and extend V along ß by setting V = ß'(t). Let B be the 2-surface swept out by ß(t) under the action of K, and extend V along B accordingly. We want to show that geodesics through x with initial vectors V + aK (where a ^ 0 ) do not lie in B .
We compute
where a is some function a : F -> K with K(a) = 0. In order for V + aK to be pregeodesic, this vector must lie in the span of V and K at x. But if 2q(x)Va:F 6 span(F, K) at x, for a(x) ^ 0, then V must be a real eigenvector of the CR structure tensor f : ß? -* ßif. Since no such eigenvector exists, B contains no geodesics through x other than ß and the vertical geodesic. Thus null geodesics through x with initial vectors V + aK, a ^ 0, have distinct projections to null-chains of M. □ Proposition 3.2. Every null geodesic of F projects to a point, a null-chain, or a chain of M.
Proof. If ß(t) is a geodesic of F, where F is equipped with a particular metric ( , ) in the conformai class of Fefferman metrics arising from the CR structure of M, then (ß'(t), K) is constant along K. (This is the well-known conservation lemma.) For
since ß is a geodesic and K is Killing. Thus the null geodesics of F can be divided into three classes: vertical, nonvertical and perpendicular to K, and not perpendicular to K. This classification of null geodesics is conformally invariant. The three classes project to points, null-chains, and chains, respectively. D Proposition 3.3. Null-chains are pointwise limits of chains. Proof. Null geodesics perpendicular to K are limits of nonperpendicular null geodesics, and the projection map is continuous. D
The following proposition tells us that null-chains are "easier to come by" than chains, in the sense that it is not necessary to complete the construction to the Fefferman metric in order to compute them. Proposition 3.4. Let g be any metric on the underlying space of F , of the form g = Lg +20(7 for some choice of pseudo-Hermitian structure 9 on M and for some one-form o on F with o(K) si.
//g satisfies normalization (LI) o/ §3, then the null geodesics of g which are perpendicular to the fibers of F project to the null-chains ofM.
Proof. Given 0 of M, equation (LI) determines g up to the addition of a multiple of 02 [L] . If g is the representative metric of the Fefferman conformai class constructed using this choice of 9 , then g -g = p92 for some function p with k(p) = 0, where K is the vertical Killing field for both g and g.
Recall the formula for the Levi-Civita connection:
Now, let X be a vector field on F with 9(X) = 0. Then Ajg = Xjg, and in particular g(X, K) = g(X, K) = 0. So, for any vector field Z on F ,
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Thus g and g = g+p92 have the same geodesics perpendicular to K . (Only the null geodesics are invariant under changes of 0 , however.)
Null-chains on the indefinite hyperquadrics
The chains on the hyperquadric of signature (p, q) in Cp+q+x,
are the curves defined by intersecting Qp,q with affine complex lines of the ambient complex space (when this intersection defines a real curve). Thus all chains on Qpq are circles (perhaps passing through the point at infinity) which lie in some C1 of Cp+q+x.
The null chains on Qpq may be found equally explicitly. If neither p nor q is zero, there are affine complex lines of the ambient Cp+q+x which are entirely contained in Qp,q; for these complex lines, the intersection with Qpq does not define a chain. The null-chains on Qpq are all the circles (perhaps passing through infinity) contained in all the complex lines which are entirely contained in Qpq , as we shall see below.
In order to calculate the null-chains on Qp, q , it will be useful to regard Qp, q as a hypersurface in CP"+I rather than C"+1 , where p + q = n . Thought of in this way, Qp,? is the complex projectivization of the solution set in C"+2 of the equation
Identifying C"+2 with R2"+4 by z¡ = x, + iy¡, we see that this solution set is the lightcone LC = {(x, v) e R2"+4 : x2 + y2 + ■ ■ ■ + x2+1 + y2p+[ xp+2 -yp+2 xn+2 -yn+i = o} of R2"+4 with the pseudo-Euclidean metric of signature (2p + 2, 2q + 2). If we now take the real projectivization of LC , we obtain a (2« + 2)-dimensional real quadric Fp<q , which may be viewed as a circle bundle over Qp,q by the restirction of the Hopf fibration Sx -* RP2"+3 -+ CP"+1 . If the vector field tangent to the (isometric) Sx -action on Fp>g is labelled K , then Fp? satisfies Sparling's conditions. Thus Fp, q is the Fefferman manifold of Qp, q . Any CP1 in CP"+1 is the projection of a vertical RP3 in EP2n+3. If a given CP1 in CP"+1 is not wholly contained in Qp_q , then its intersection with Qpq is a chain. But if it is contained in Qp,q, the CP1 is the projection of a vertical KP3 wholly contained in Fp q ; this KP3 is necessarily totally null and perpendicular to the fibers of Fp<q. Moreover, this KP3 cFf,,c !P2"+3 is a totally geodesic submanifold of EP2"+3, and thus also of Fp q . The geodesic "great circles" of this RP3 (all of which are null geodesics of FPtQ) project to all circles of the corresponding CP1 c Qpq . Thus we see that the null-chains of Qp,q are all the circles in all the CP1 's contained in Qpq .
Let us make two observations about the null-chains on Qp q . First, any two points of Qp,q can be joine'd by either a chain or a null-chain. The two points determine a complex line in C"+l . This complex line either intersects ßp? in a chain connecting the points, or else it is entirely contained in Qpq,in which case any circle in the complex line which passes through the two points may be taken as a null-chain connecting them.
Second, any two points which are joined by a null-chain, are joined by a oneparameter family of null-chains. If the two points are joined by a null-chain, then the complex line they determine in C+1 must be contained in Qpq . Within this C2 c Qp,q, the two points determine a one-parameter family of circles.
It will be the object of the next two sections to show that these connectivity properties for the chains and null-chains on the hyperquadric in fact hold locally for any nondegenerate CR manifold.
Variation theorem for null-chains
On the face of it, one might expect the set of points reached by null-chains from a fixed point x of a CR manifold of Levi signature (p, q) to be a set described by 2p + 2q parameters, since there is a one-parameter family of nullchains in each of the ( S2p~x x S2q~x )'s worth of eligible directions. However, on the hyperquadric Qp <q , we saw that the set of such points was in fact a cone on S2p~l x S2q~x, and thus this set can be described by 2p + 2q -1 parameters, one less than expected. One might ask whether this behavior of the null-chains of Qp,q is due to the fact that all null-chains of Qp,q are contained in complex submanifolds (namely C1 's) of Qp,q , whereas indefinite CR manifolds need not contain any complex submanifold in general [Br] . It turns out that this one-parameterless phenomenon is general; in fact, two nearby points which lie on a null-chain, lie on a one-parameter family of null-chains.
Theorem 6.1. Let M be a nondegenerate CR manifold of strictly indefinite Levi signature. Then any two sufficiently nearby points x, y £ M which lie on a null-chain lie on a continuous one-parameter family of null-chains.
The proof of this theorem will take place in the Fefferman manifold F of M, so we must restate the theorem in F . Note. The existence and uniqueness of the geodesics WSoJ(s) is assured by working in a convex normal coordinate neighborhood of y(0) in F .
We will need the following lemma:
Lemma 6.3. Let y(t) be a null geodesic in a pseudo-Riemannian manifold Xm+2. Corollary 6.4. Let X, y be as in Lemma 6.3. Let J be a Jacobi field along y, with 7(0) = 0 and (J, T)\,0 = 0, J(t0) ¿ 0 for some t0 £ (0, n). Then the sign of (J, 7) is constant on (0, n).
Proof of Lemma 6.2. We will be forced to construct the variation WS(j in a rather roundabout manner, in order to see that it is a variation of a through null geodesics. We shall first construct a preliminary variation Vu (t, s) of y through geodesics from y(t\) to a for a fixed t\ e (0, to). Vh will be defined for t £ [0, ti] and for 5 e [0, s0]. Vh will be shown to be a variation of y through null geodesics. Thus the unique geodesic from o(so) to y(t\) is null, for each ti £ (0, t0).
Next, by letting t\ vary, we construct the variation WSo, which we now know to be through null geodesics. Then it will only remain to be shown that the geodesics WSo, t (s) are perpendicular to y.
To begin, fix a ti £ [0, to], and let Vu(t, s) be a variation of y through geodesics from y(t\) to o, with Vh(0,s) = o(s), V,t(t\, s) = y(t¡) Vj, Vtt(t, 0) = y(t), and Vh(t, s) = ViiS(t) geodesic for each fixed ä . Let T, S be the variation vector fields corresponding to the t, s variables. Then VpT = 0; VSS. = 0 if t = 0; (S, T) = 0 at / = 0, s = 0 and at t = /,, 5 = 0;
[T, S] = 0 ; and T = K along y(s -0). Our aim is to show that the geodesics Vh ,s(t) are null, that is, that (T, T) = 0.
Since (T, T) = (K, K) = 0 along y , we must show that (T, T) is constant in s.. Note that S(T,T) = 2(VST,T) = 2(VTS,T) = 2T(S, T) + 2(5, VtT) = 2F(5, T).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use So we may prove that (T, T) = 0 by proving that (5, T) = 0. We compute
T(T(S, T)) = T(VTS, T) + T(VTT, 5) = (VTVTS, T) + (Vr5, VTT) + 0 = (R(T,S)T, T) + 0
= 0 for all t and 5. Here we have used Jacobi's equation and the fact that Vr T = 0 in the last equation. Thus (5, T) is a linear function of t for each fixed s . Since (5, T) -0 at t -ti for all s, we must now compute (S, T) at / = 0 for all 5, that is, along a.
We will now show that ( Here we have used V$ = 0 along a. Thus (5, T) is a linear function of s along o. We have (5, F) = 0 at ct(0) by construction. To compute S (S, T) at ct(0) , write
S(S, T) = (Vs5, T) + (S, VST) = 0 + (5, Vr5) = \T(S, S).
So 5(5, T) at 5 = 0, t = 0 (i'.e, <r(0)) equals ±F(5, 5) at s = 0, / = 0 (/.<?., y(0)). By Lemma V, (5, 5) = 0 along y , so F(5, 5) = 0 at 5 = 0, t = 0. We may now conclude that (5, F) = 0 along cr(i = 0). Now we know that (5, T) is a function linear in / for each 5, and that (5, T) = 0 for t = 0, Vi . Thus (5, F) = 0, and so (F, F) = 0 as in the first paragraph. Thus the variation Vtl(t, s) of y is through null geodesics from y(ti) to a. We now know that, for ti and 5 small enough, the unique geodesic from y (ii) to a(s) is null. We are now ready to construct the variation we seek. Let WSQ(t, s) be a variation of o through geodesics from o(sq) to y, with WSo(0, s) = a(s), WSo(t, 0) = y(t), WSo = a(s0) for all t, and WSo = W^s) geodesic for each fixed t. Let F, 5 be the variation vector fields corresponding to the t, s variables. Then V §5 = 0, VfF = 0 if 5 = 0, [f,S] = 0, (f, f) = 0 if s = 0, and (5, Î) = 0 at í = 0, 5 = 0 and t = 0, s = s0. We also know by the preceding argument that (S, S) = 0 for all / and s, since the unique geodesic from a(so) to y(t) is null for all 5, / sufficiently small; thus WSo is a variation of a through null geodesics.
We must now prove that these geodesics WSo, t (s) are perpendicular to y ; that is, we need (5, f) = 0 if 5 = 0, for all t. We will in fact show that (S,f) = 0. Compute
5(5, T) = (V §S, T) + (S,Vsf) = 0 + (S,VfS)
= if(5,5) = 0 for all 5 and/.
Thus (5, f) is a constant function of s for each t. But (5, f) = 0 for s = so, for all t. Therefore (5, F) = 0 for all 5 and /, and the variation WSq of a is through null geodesics perpendicular to y, as required.
Connectivity Theorem
We now turn our attention to the task of proving that any point x of a nondegenerate CR manifold M can be joined to every sufficiently nearby point y by either a chain or a null chain.
The idea of the proof is to show that, for a point x in the Fefferman manifold F of M with n(x) = x, the lightcone of x is shaped so that the projection map n : F -> M carries a suitable portion of it onto a neighborhood of x in M. Since the lightcone of x is the set of those points of F which can be reached from x by a null geodesic, this amounts to showing that x can be joined to each point of the neighborhood in M by the projection of a null geodesic of F , i.e., by a chain or a null-chain.
We will work with a fixed representative metric of the restricted conformai class of Fefferman metrics on F, and by " F " we will mean the Fefferman manifold with this choice of metric. Our results, of course, are preserved under (restricted) conformai change of metric. (For the sake of simplicity of exposition, we will actually work with a covering space of the subset n~x(Nx) of F , where A* is a neighborhood of x in M, obtained by "unrolling" the circular fibers into lines. Since the theorem we wish to prove is of a local nature on M, no generality is lost.)
Let y(t) be the (affinely parametrized null geodesic) fiber over x £ M ; let x = y(0). We begin by recalling that R(X, K)K = X (mod K) for X £ Kx.
By Jacobi's equation, a point x = y(0) must have focal points of maximal order along y at t = ±|. That is, all Jacobi fields 7 along y with (7, y')|r=o = 0 and 7'(0) = 0 vanish simultaneously (mod y') at t = ±|. Similarly, x = y(0) has its first conjugate points along y at t = ±n, and they are of maximal order. A lemma (Lemma 7.2) will assure us that there is a normal (i.e., geodesically star-shaped) neighborhood of y(0) containing y ([a, b] ) provided that -n < a < 0 < b < n. In particular, there exists such a neighborhood containing y([_f _ e j f + el) s0 l°ng as 0 < e < |. Working within such a neighborhood, we choose a plane P2n c TXF of codimension 2, such that P c K1 and K $. P. (P is a lift of the holomorphic tangent plane H at x in M.) Let Zo = expÄ P ; X0 is a nondegenerate pseudo-Riemannian submanifold of F of signature (2p, 2q), where (p, q) is the Levi signature of M.
We will first show that all points of n(Lo) c M may be reached from x by the projection of certain null geodesics in the lightcone LC(x) of x. Then, we will use an argument involving the topology of this lightcone to show that, in fact, every point in a neighborhood of x lies in n(LC(x)).
To show that rc(Zo) C n (LC(x)), we divide Z0 -x into three regions (keeping in mind that each point of Zo may be reached from x by a geodesic in Z0) '■ region ( 1 ) consists of those points of Zo which lie on a timelike geodesic from x = y(0), region (2) consists of those points which lie on a spacelike geodesic from x , and region (3) contains those points which lie on a null geodesic from x. (If M is strictly pseudo-convex, regions (1) and (3) will be empty.) Zo is the disjoint union of these three regions with {x}. Let Z( be the translate of Z0 under the action of K to an isometric copy containing y(t) ; Z, -y(t) splits into three regions, which we will also call (1), (2), and (3), the translates of the corresponding regions in Zo. By Theorem 6.2 and Lemma 7.2, those points of Z, in region (3) which are close enough to y(t) remain reachable from y(0) by null geodesics for all î € [-f -e, f + e], for 0 < e < |.
The aim of Lemma 7.3 is to show that the fibers through points of regions (1) and (2) of Z0 are reached by null geodesics from x = y(0) at some point also. That is, for each yo £ Zo, there is an r such that the translate yr £ Zr of yo lies on a null geodesic from y(0) = x . Actually, we will show that, for some t £ (f, n), every point yt £ Z( near y(t) in region (1) is reachable from y(0) by a spacelike geodesic (rather than the timelike geodesic from y(0) to yo) > and vice versa for region (2). Because we work in a normal neighborhood of y(0), it follows that there is a null geodesic from y(0) to yr for some r £ (0, t). Another null geodesic from y(0) to yr can be found for some other r £ (/j, 0), where ij e (-n, -\).
Lemma 7.2 will be derived as a consequence of the following more general proposition. Let V be an open subset of X containing A such that the closure F of K is compact. Within V, choose convergent subsequences x, -► x and y, -► y with x, y £ A . Since / is continuous, f(x) = f(y). If x ,¿ y, then / is not injective on A . But if x = y , then / is not one-toone on any neighborhood of x , and thus / cannot be a local homeomorphism.
Thus no such sequences can exist, and there is some neighborhood U of A in X such that f\u is a homeomorphism. Lemma 7.3. Let F2n+2 be the Fefferman manifold of a CR manifold M2n+X of Levi signature (p, q) . Let y(t) be the fiber over x £ M. Let Zo bean (n-2)-surface of metric signature (2p, 2q) near y(0) such that Zo = exp,,(o)(F) for a 2n-plane P c K±. Let Z, be the translate of Z0 to y(t) under the action of the vertical Killing field K on F. Let e £ (0, f ), and let a = | + e. Then, if y £ Z±a lies on a timelike geodesic from y(±a) (respectively), it lies on a spacelike geodesic from y (0), and if y lies on a spacelike geodesic from y(±a), it lies on a timelike geodesic from y(0), for all y in a neighborhood of y(±a) in Z±a.
Proof. Fix a real number b such that a < b < n. By Lemma 7.2, there is a normal neighborhood U of y(0) containing y( [-b, b] ) ; from now on we will work only in U. Every point (in U ) of Z,, for t £ [-b, b] , lies on a unique geodesic from y(0). In addition, since Z, is a translate of Zo = expy(0) P, each point of Z, lies on a unique geodesic from y(t). Let (s, 9) be geodesic polar coordinates on Z,, where 0 € 52"-1 .
For any t £ [~b, b] , and any 0 6 S2"~x, we may construct a variation V(x, s, 9) of y through geodesics from y(0) to the points of Z, near y(t) whose angular coordinate is that 9 , and we may require that the curves V(s), for fixed x = t, are geodesics lying in Z, for each 9. Let F, 5Ö be the variation vector fields with respect to the variables x, s. We have V(x) = y(x) for 5 = 0, 50|T=O = 0, VSsSg = 0 for x = t, VrF = 0, F = K for 5 = 0, (Sg,T) = 0 for s = 0 (i.e., along y), and [Se,T] = 0. Now, if (5e, Se) > 0 for 5 = 0, x = t, 9 fixed, then the curve ßg(s) = expj,(()(55e) is spacelike, so the points V(x = t, s, 9) lie on a spacelike geodesic from y(t). If (Sg , Sg) < 0, the geodesic from y(t) is timelike; if (Sg, Sg) = 0, it is null.
We wish to show that if for small 5 > 0 and f < t < f + Ô, the point V(x = t, s, 9) lies on a spacelike geodesic from y(t), then Se(T, T) < 0 for that value of 0, and for all x and all small s > 0. This will indicate that the geodesic V(x) = V(x, 5,0), for this 0 and for any small fixed s > 0, is timelike. (The argument that the geodesic to V(x = t, s, 9) from y(0) is spacelike if the one from y(t) is timelike is similar and will be omitted; the argument for -j -S < t < -f may be obtained by revising the signs of F and t .) We compute 5e(F,F) = 2(V5eF,F) = 2(Vr5ö,F) = 2F(5e , T) -2(Sd , Vt-F) = 2F(5Ö, F). By Jacobi's equation, T(T(Sg, T)) = 0 for all t and s, so (Sg, T) is a linear function of x for each fixed s .
Since 5g = 0 if x = 0, and (Sg, T) = 0 if x = /, we conclude first that (Sg, T) = 0 for 5 = 0 (along y ), and second that for t ^ 0 and 5^0 fixed, the sign of (Sg, T) is the same as that of T(Sg, T). So now we must show that Sg(Se , T) > 0 at t = t, s = 0.
To achieve this, recall that F = K along y . By Jacobi's equation, Thus, if (Se, Sg) > 0 for x = t, s = 0, then 0>(Vr,5e,5e) att = Z,5 = 0 = (V5eF, Se) = Se(T, Se) -(T, V5e5e) = Se(T, Sg). So (Sg , Sg) > 0 at x = t, 5 = 0 implies that Se(T, Sg) < 0 at x = t, s = 0 as required, and by the first part of this argument, Sg(T, T) < 0 for x = t, 5 = 0. Since (T, T) = 0 at r = t, s = 0, we see that (F, F) < 0 for t = t and for small s > 0. (Actually, for t = /, (T, Sg) is a linear function of 5, so (F, F) < 0 for x = t and for all 5 > 0 which correspond to points where the variation V is defined.) Thus, the geodesic from y(0) to the point V(x = t, s = 0, 0) is timelike if the one from y(t) is spacelike.
We must now show that the lightcone of x £ F projects onto a neighborhood of x = n(x) in M. It will be convenient to deal with a suitable subset J? of this lightcone, which we now construct.
Let U be a normal neighborhood of x = y(0) containing y([-f -e, f + e]) for some 0 < e < n/2 ; the existence of U is guaranteed by Lemma 7.2. Let i/i be another such neighborhood whose closure is contained in U. Let T be the vertical hypersurface consisting of all the translates Z, of Z0 ; T = n~x(n(zZ0)). This T divides Ui into two disjoint open sets; let ^f+ be the part of the lightcone of x contained in one of these sets, and let 5f~ be the other. The set we will project will be the union S? -cl ( In order to see more clearly the effect of the projection n:F -> M on S? , it will be useful to know what happens when the lightcone LC of the origin of Euclidean space R2n+2 of signature (2p + 1, 2q + 1) is projected to R(2« + 1) along a family of parallel null lines. We will not consider the whole lightcone, but only the part contained in a closed ball of radius \[2 about the origin. Let the vector field tangent to the family of parallel null lines be called Ki ; we may arrange for Kx to be a Killing field ("vertical vector field").
In this situation, the projection is a homeomorphism on LC -Kx+ . The null geodesics perpendicular to Ki project to a cone on S2p~x x S2q~x in R2"+1 , and this image cone is tangent to the projection of Kx+ at the origin. We give explicit equations as follows:
We will find it easier to follow the calculation by projecting the boundary B of LC f]S2n+x :
B is homeomorphic to S2p x S2q. Let t = ao + b0 and let s = ao -bo . Then fl0 = j(t+s) and bo = ^(t-s). The curves s = ai = • • • = a2p = b\ = ■ ■ ■ = b2q = constant (/-coordinate curves) are null geodesics, and we choose these as the verticals; thus Kx = §-t . Projecting to R2"+l = {/ = 0}, we get n(B) = {5 = ±^Jl-a2-a\p ± yj\-b\-b\q} in R2"+1 with coordinates s ,a\, ... ,a2p,b\, ...,b2q. This figure n(B) can be seen to be homeomorphic to two copies of 52" glued together along a truncated cone on S2p~x x S2q~~l in the plane 5 = 0. Filling in the interior of the two copies of S2n gives us the projected image of LC n 52"+1.
We note that the projection we have just described does not map the lightcone of pseudo-Euclidean R2"+2 of signature (2p+l), (2q + l) onto a neighborhood of the origin in R2"+1, since points of the plane 5 = 0, other than those on the cone on S2p~x x S2q~x along with the two balls are glued, are not in the image. This, however, is not surprising, since Sparling's condition (2) Ric(K, K) > 0 is not satisfied for our choice of Killing field K\ in pseudo-Euclidean space, and since as a consequence our Lemma 7.3 does not apply.
How does this picture differ in the Fefferman manifold F of a nondegenerate CR hypersurface M (of Levi signature (p, q)) in a neighborhood U of x in F? The projection map n : U -> M, restricted to the lightcone 2? of x, is still a local homeomorphism, except on 3* n T. In fact, we claim that n restricted to J?+ or 3'~ is a homeomorphism. By the mean value theorem there is a to £ (a, b) such that T(S, S) = 0 at t = to, for all 5. Along the geodesic V(s, to), we have (T, S) = 0, since T = 0 at 5 = 0, and T(S,S) = 2S(T,S) = 0. Now TT(T, 5) = 0 along <j> (by Jacobi's equation), so T(T, S) is constant on (j). That is, (T, S) is a linear function of / along <p. But we have assumed that (T, S) > 0 for t = a and t -b, and we have shown that there is a to £ (a, b) so that (F, 5) = 0 at t = to. This is impossible; therefore there cannot exist two null geodesics a and ß in J2?+ with 7r(a(l)) = n(ß(l)). Thus n is a homeomorphism on Jz?+ .
We now see that n(3'+) and n(5f~) are the disjoint homeomorphic images of two (2« +1 )-balls in M. And, despite the fact that a one-parameter family of null geodesics perpendicular to K, whose initial tangent vectors have collinear projections, no longer project to the same curve, nevertheless Lemma 6.1 assures us that the set of all perpendicular null geodesics through x in U projects to a (truncated) cone on S2p~x x 52(?_1 in 7t(Z). (Here Z is analogous to the surface 5 = 0 in the hyperquadric.)
The projection n : F -» M restricted to 2? fails to behave identically to the map described on pseudo-Euclidean space exactly because of Lemma 7.3. Lemma 7.3 tells us that all fibers through regions (1) and (2) of Z sufficiently near to y = 7r-1(x) intersect both cl(2f+) and cl(^~).
Being in Y, these points of intersection are on the boundaries of cl^"1") and cl^-).
As we have noted above, all fibers through region (3) near y are on the boundaries of cl(J?+) and cl(J?~) where they lie in cl(Ui). Thus we see that a neighborhood of x = n(y) in n(L) is contained in the intersection of the boundaries of n(cl(¿2?+)) and ^(cl^-)).
Aside from these points, n(cl(J2?+)) and 7r(cl(J?~)) are disjoint. So we see that n maps J¿f+ \JJî?~ to a figure homeomorphic to two closed (2n + l)-balls in M, glued together along a (2«)-disc on their boundaries, with x = n(x) in the interior. Since all points of this ball can be reached from x by the projection of a null geodesic of F, we see that x can be joined to every point in the ball by either a chain or a null-chain.
Remarks
In conclusion, we would like to make two remarks. First, the results on the nature of null-chains and the two connectivity theorems contained in this work also hold for the more general systems of curves called pseudochains (and pseudo-null-chains) defined on nondegenerate CR manifolds in [Ko] . These non-CR-invariant systems of curves on a CR manifold M are obtained by projecting null geodesics of pseudo-Riemannian metrics g on a circle bundle over M which satisfy the following conditions:
(0') The vertical vector field K is Killing: 5fK g = 0.
(V) g(Weyl(K, X)X, K) = 0 for all x with g(K, X) = 0. (2') Ric(K, K) > 0.
These conditions are nearly identical to Sparling's conditions, but (1') is considerably weaker than Sparling's condition (1), so metrics g may satisfy these conditions without being Fefferman for M. Nevertheless, only these three conditions are required to define pseudochains (and pseudo-null-chains) on M, and to show that they behave like chains (and null-chains) in the ways described in this paper.
Second, we might ask what the behavior of the null-chains on an indefinite CR manifold M can tell us about the possible existence of holomorphic submanifolds of M. It is well known that, if M contains a holomorphic submanifold A passing through a point x e M, then the tangent space Nx to A at x consists of null vectors of the Levi form of M at x ; i.e., L\Nx = 0. Let V £ Nx ; then, since L(V, V) = 0, we know that a one-parameter family of null-chains of M pass through x tangent to V. (Of course, null chains exist even if M admits no holomorphic submanifolds.) Do the null-chains tangent to V at x remain in A if F g Ax? Equivalent^, is the totally null submanifold À of F defined by À = n~x(N) a totally geodesic submanifold? (Here F is the Fefferman manifold of M.) The answer is (1) yes if M is of "split" Levi signature (p, p) and A has complex dimension p , but (2) no in general. For in case ( 1 ), A lifts to a totally null submanifold of real dimension 2p+ 1 in F , the signature of F is (2p+1, 2p+ 1 ), and it is known (see e.g., [Ku] ) that a k-dimensional totally null submanifold of a pseudo-Riemannian manifold of signature (k, k) is necessarily totally geodesic. On the other hand (2), this cannot hold for M of general signature and A of any dimension, since it fails for holomorphic curves in M of dimension (2n + I), n > 3, and signature (1, n -1). R. Bryant shows in [B] that CR manifolds of this signature (which he calls Lorentzian) admit (at most) an «2-parameter family of holomorphic curves, and he gives examples where this maximum is achieved. Since the Fefferman manifold F of an M of this dimension and signature admits (at most) a (An -4)-parameter family of totally null, totally geodesic vertical submanifolds of dimension 3 (this maximum is achieved for the Fefferman manifold of the hyperquadric ßi,n-i ), we see that M may admit too many holomorphic curves for our conjecture to hold in general. However, it remains possible that null-chains and holomorphic submanifolds are related in some more complicated way.
